Let (M, , T M ) be a Riemannian manifold. It is well-known that the Sasaki metric on T M is very rigid but it has nice properties when restricted to T (r) M = {u ∈ T M, |u| = r}. In this paper, we consider a general situation where we replace T M by a vector bundle E −→ M endowed with a Euclidean product , E and a connection ∇ E which preserves , E . We define the Sasaki metric on E and we consider its restriction h to E (r) = {a ∈ E, a, a E = r 2 }. We study the Riemannian geometry of (E (r) , h) generalizing many results first obtained on T (r) M and establishing new ones. We apply the results obtained in this general setting to the class of Euclidean Atiyah vector bundles introduced by the authors in [5] . Finally, we prove that any unimodular three dimensional Lie group G carries a left invariant Riemannian metric such that (T (1) G, h) has a positive scalar curvature.
Introduction
Through this paper, a Euclidean vector bundle is a vector bundle π E : E −→ M endowed with , E ∈ Γ(E * ⊗ E * ) which is bilinear symmetric and definite positive in the restriction to each fiber.
Let (M, , T M ) be a Riemannian manifold of dimension n, π E : E −→ M a vector bundle of rank m endowed with a Euclidean product , E and a linear connection ∇ E which preserves , E . Denote by K : T E −→ E the connection map of ∇ E locally given by
The connection ∇ E preserves , k and its curvature R ∇ E plays a key role in the study of (E (r) (M, k) endowed with the Sasaki metric. Since R ∇ E depends only on (M, , T M , k), we will call it the supra-curvature of (M, , T M , k). This paper has two goals: 1. The study of the Riemannian geometry of E (r) endowed with the Riemannian metric h restriction of g s in order to generalize all the results obtained in the classical case. We refer to [4, 7] for a survey on the geometry of (T (r) M, h).
The application of the results obtained in the general case to the Euclidean Atiyah vector
bundle E (r) (M, k) endowed with the Sasaki metric. We will show that the geometry of (E (r) (M, k), h) is so rich and by doing so we open new horizons for further explorations.
Let us give now the organization of this paper. In Section 2, we give the different curvatures of (E (r) , h). In Section 3 we derive sufficient conditions for which (E (r) , h) has either nonnegative sectional curvature, positive Ricci curvature, positive or constant scalar curvature. In Section 4, we first compute the supra-curvature of different classes of Riemannian manifolds and we characterize those with vanishing supra-curvature (see Theorem 4.1). Then we perform a detailed study of (E (r) (M, k), h) having in mind the results obtained in Section 3. In Section 5, we prove that any unimodular three dimensional Lie group G carries a left invariant Riemannian metric such that (T (1) G, h) has a positive scalar curvature.
Let K M , ric M and s M denotes the sectional curvature, the Ricci curvature and the scalar curvature of (M, , T M ), respectively. An element of E will be denoted by (x, a) with x ∈ M and a ∈ E x .
We recall the definition of the Sasaki metric g S on E, we consider its restriction h to the sphere bundles E (r) = a ∈ E, a, a E = r 2 (r > 0) and we give the expressions of the different curvatures of (E (r) , h). For any (x, a) ∈ E there exists an injective linear map h (x,a) : T x M −→ T (x,a) E given in a coordinates system (x i , β j ) on E associated to a coordinates (x i ) Moreover, if H (x,a) E denotes the image of h (x,a) then
where VE = ker dπ E . For any α ∈ Γ(E) and for any X ∈ Γ(T M), we denote by α v ∈ Γ(T E) and X h ∈ Γ(T E) the vertical and horizontal vector field associated to α and X. The flow of α v is given by
The Sasaki metric g s on E is determined by the formulas
for all X, Y ∈ Γ(T M) and α, β ∈ Γ(E). For any X ∈ Γ(T M) and α ∈ Γ(E), X h is tangent to E (r) however α v is not tangent to E (r) . So we define the tangential lift of α by
where U is the vertical vector field on E whose flow is given by Φ(t, (x, a)) = (x, e t a). We have
The restriction h of g S to E (r) is given by
The following proposition can be established in the same way as the classical case where
To compute the Riemannian invariants of (E (r) , h) (Levi-Civita connection and the different curvatures), we will use the following facts:
is a Riemannian submersion with totally geodesic fibers and hence the different Riemannian invariants can be computed by using O'Neill formulas (see [2, chap. 9] 
(ii) O'Neill's formulas involve the Riemannian invariants of (M, , T M ), the tensor B and the Riemannian invariants of the restriction of h to the fibers.
Based on these facts, the Levi-Civita connection ∇ of (E (r) , h) is given by 
A direct computation shows that the tensor curvature, the Ricci curvature and the scalar curvature of the fibers are given by
In order to compute the different curvatures of (E (r) , h), we need the following formulas.
which complete to establish the second formula.
On the other hand,
This completes the proof.
be a plane. Then:
The sectional curvature of (E (r) , h) at P is given by
If rank(E) ≥ 3 then there exists a basis {X
The sectional curvature of (E (r) , h) at P is given by,
where
is any orthonormal basis of T x M. Proof. If the rank of E is equal to 2 then dim T (x,a) E (r) = n + 1 and P ∩ {X h , X ∈ T x M} 0 and hence P contains a unitary vector Y h . We take a unit vector
We suppose that X, Y T M 0 and write (
constitute a basis of P satisfying the desired relations. Let us compute the sectional curvature at P. We denote by R the curvature tensor of (E (r) , h).
Let us compute the sectional curvature of (T (1) M, h). According to Proposition 2.3, if P is a plan in
T (x,u) T (1) M then P = span{X h +Z t , Y h } with X, Y, Z ∈ T x M, |X| 2 +|Z| 2 = |Y| 2 = 1 and Z, u T M = 0. The curvature R M is given by R M (X, Y)Z = X, Z T M Y − Y, Z T M X. Hence K(P) = R M (X, Y)X, Y T M − 3 4 |R M (X, Y)u| 2 + 1 4 |R M (Z, u)Y| 2 = |X| 2 − 3 4 X, u 2 T M + Y, u 2 T M |X| 2 + 1 4 Z, Y 2 T M + u, Y 2 T M |Z| 2 . If Z = 0 then K(P) = 1 4 . If Z 0 then {Z, u}
becomes an orthogonal basis of T x M and
If X = 0 then K(P) = 
and hence K(P) = . This has been proved first in [11] .
any orthonormal basis of T x M. Then:
The scalar curvature of (E (r) , h) is given by
Proof. We will use the O'Neil formulas for the Ricci curvature and scalar curvature given in [2, Proposition 9.36, Corollary 9.37]. From these formulas, Proposition 2.2 and the fact that the fibers are Einstein, we get
This establish the expression of the Ricci curvature. The scalar curvature is given by τ r = s M • π E + s v + |B| 2 which completes the proof.
On the sign of the different curvatures of (E (r)
, h)
In this section, we study the sign of sectional, Ricci and scalar curvature) of sphere bundles E (r) equipped with the Sasaki metric h. Through this section, (M, , T M ) is a Riemannian manifold of dimension n and (E, , E ) is a Euclidean vector bundle of rank m with an invariant connection ∇ E .
The case R
Note that R ∇ E = 0 if and only if the O'Neill shape tensor of the Riemannian submersion
vanishes which is equivalent to E (r) being locally the Riemannian product of M and the fiber. So we have the following results. For the Euclidean vector bundles with large rank compared to the dimension of the base, the following theorem constitutes a converse to the third assertion in Proposition 3.2. Note that the rank of the Atiyah vector bundle
and hence it satisfies the hypothesis of the next theorem.
where m is the rank of E and n = dim M. Then:
(E (r) , h) is Einstein with Einstein constant λ if and only if R
∇ E = 0, λ = (m−2) r 2
and M is Einstein with Einstein constant
Proof.
If (E (r) , h) is Einstein then, according to Proposition 2.4, we have for any
x and α ∈ E x with α, a E = 0,
Fix x ∈ M, a ∈ E (r)
x and an orthonormal basis (X i ) of T x M and choose an orthonormal family (α 1 , . . . , α m−1 ) of elements in the orthogonal of a.
by putting
If we take α = α k in (7), we get that the Euclidean norm of
. Moreover, if we take α = α k + α l with l k we get that U l , U k = 0. Thus (U 1 , . . . , U m−1 ) is an orthogonal family of vector in R n(n−1)
they must be linearly dependent. But they have the same norm so they must vanish. This completes the proof of the first assertion.
If (E (r)
, h) has a constant sectional curvature then it is Einstein and hence R ∇ E = 0. But, according to the expression of the sectional curvature given in Proposition 2.3 it cannot be constant. This completes the proof.
The case
The following theorem generalize a result obtained in [8] . 
In particular, for r sufficiently small the sectional curvature of (E (r) , h) is nonnegative.
Proof. Let P ⊂ T (x,a) E (r) be a plane. Then there exists an orthonormal basis
We replace in the expression of K(P) given in Proposition 2.3 and we get
1. If cos(t) = cos(s) = 0 then K(P) = 1 r 2 > 0 and hence sectional curvature of (E (r) , h) can never be nonpositive.
Let us prove now the second and the third assertion. If X = 0 or Y = 0 then K(P) ≥ 0. Suppose now that X 0 and Y 0, so we can choose X 1 = X and X 2 = Y and get
2. If rank(E) = 2, we can choose β = 0 and hence
Thus the sectional curvature is nonnegative if r 2 ≤ 4C 3K . 3. Suppose that rank(E) > 2. Then, by using the estimations of A and B given above, we get
)K cos(t) cos(s) sin(t) sin(s).
The right side of this inequality, say Q, can be arranged in the following way:
This ends the proof of the last assertion.
Remark 2. (8) .
In the classical case, i.e., E = T M, , E = , T M and ∇
E = ∇ M the hypotheses ∇ M (R M ) = 0
Proof. For any x ∈ M, a ∈ E (r)
x , X ∈ T x M and α ∈ E x such that |X| 2 + |α| 2 = 1 and α, a E = 0, we have from Proposition 2.4 that
Let us write X = cos(t)X, α = sin(t)α andâ = a/r whereX andα are unit vectors.
From the hypothesis on ric M and (8), we get
This shows the two assertions. Proof. Suppose now that M is compact with positive Ricci curvature and put X = cos(t)X, α = sin(t)α andâ = a r whereX ∈ T x M,α ∈ E x , |X| = |α| = 1 and (x, a) ∈ E (r) . We have
Ricci and scalar curvatures
Since M is compact, there exists positive constants L 1 and L 2 such that for any x ∈ M and for any unit vectorsX,Ŷ,
On the other hand, there is a positive number ǫ such that ric M (X,X) ≥ ǫ for every unit vectorX. Then, by using the above estimations, we get
4A and r taken such that A, C > 0. Then, the right side of this inequality is positive for every t. Proof. Suppose now that M is compact and putâ = a r where (x, a) ∈ E (r) . We have
Since M is compact, there exists positive constants L 1 and L 2 such that for any x ∈ M and for any unit vectors
This means that τ r is positive on E (r) , when r is sufficiently small.
Let E −→ M be a vector bundle. Recall that its associated sphere bundle is the quotient S (E) = E/ ∼ where a ∼ b if there exists t > 0 such that a = tb. Let , E be a Euclidean product on E. The associated O(m)-principal bundle has a connection so there exits a connection ∇ E on E which preserves the metric , E . Since S (E) can be identified to E (r) for any r, by using Theorems 3.4 and 3.5 we get the following corollary which has been proved in [12] by a different method. 
S (E) admits a complete Riemannian metric of positive scalar curvature.
We will end this section with a result which has been proved in [3] when E = T M, , T M = , E and ∇ E is the Levi-Civita connection of , T M .
Theorem 3.6. Let (M, , T M ) be a Riemannian manifold and (E, , E ) a Euclidean vector bundle with an invariant connection ∇ E . Then, the sphere bundle (E (r) , h) equipped with the Sasaki metric has constant scalar curvature if and only if
Proof. The scalar curvature τ r is giving by, for (x, a) ∈ E (r)
Suppose that τ is constant along E (r) . For fixed x ∈ M , τ r (x, a) does not depend on the choice of the vector a ∈ E (r)
x . This implies that ξ x is proportional to the metric , E and the coefficient of proportionality is necessarily equal to |R
Sasaki metric on the sphere bundle of the Atiyah Euclidean vector bundle associated to a Riemannian manifold
We have seen in the last section that many results obtained on the sphere bundles of tangent bundles over Riemannian manifolds can be generalized to any Euclidean vector bundle. In this section, we will express these results in the case of the sphere bundle of the Atiyah Euclidean vector bundle introduced in the introduction to get some new interesting geometric situations and to open new horizons for further explorations. 14
The Atiyah Euclidean vector bundle and the supra-curvature of a Riemannian manifold
Let (M, , T M ) be a Riemannian manifold, k > 0 and (E (M, k) , , k , ∇ E ) the associated Atiyah Euclidean vector bundle defined in the introduction. Let
E (we refer to as the supra-curvature of (M, , T M , k)) was computed in [5, Theorem 3.1]. It is given by the following formulas:
We denote by E (r) (M, k) the sphere bundle of radius r associated to E(M, k) and h the Sasaki metric on E (r) (M, k). The supra-curvature is deeply related to the geometry of (M, , T M ). Let us compute it in some particular cases. This computation will be useful in the proof of Theorem 4.1 where we will characterize the Riemannian manifolds with vanishing supra-curvature.
Supra-curvature of the Riemannian product of Riemannian manifolds.

Proposition 4.1. Let (M, , T M ) be the Riemannian product of p Riemannian manifolds
Proof. The expression of R ∇ E is given by (12) . The curvature of G/K at π(e) is given by (see [2, Proposition 7.72 
and
an orthonormal basis of p. We have
This gives the desired formulas.
Supra-curvature of complex projective spaces. Let π : C n+1 \ {0} −→ P n (C) be the natural projection and π s : 
We introduce the Riemannian metric , P n (C) on P n (C) so that the restriction of (π s ) * to F ⊥ m is an isometry onto T π(m) (P n (C)). Let J 0 be the canonical complex structures on C n+1 and the standard complex structures J on P n (C) is given by
Proposition 4.4. The curvature and the supra-curvature of (P n (C), g, k) are given by
where X, Y, Z ∈ Γ(T P n (C)) and F ∈ Γ(so(T P n (C))).
Proof. The projection π s : S 2n+1 −→ P n (C) is a Riemannian submersion with totally geodesic fiber and its O'Neill shape tensor is given by
where N is the radial vector field and X h , Y h are the horizontal lift of X, Y ∈ Γ(P n (C)). The expression of R P n (C) follows from the formulas
To compute the supra-curvature, we use (12) . We choose an orthonormal frame (
So
On the other hand, Let i ∈ {1, . . . , p} and denote by n i the dimension of N i . The symmetric space N i can be identified to G/K, where G is the component of the identity of the group of isometries of (N i , , i ) and K is the isotropy at some point. Moreover, the Lie algebra g of G has a splitting g = k ⊕ p where k is the Lie algebra of K and [p, p] ⊂ k. Since N i is Einstein, the metric in restriction to p is proportional to the restriction of the Killing form.
It is obvious that if (M,
The vanishing of the supra-curvature of (N i , , i , k) implies, by virtue of the second formula in But the dimension of the group of isometries is always less or equal to n i (n i +1) 2 with equality when the manifold has constant curvature. Thus dim G = n(n+1) 2 and hence N i has constant curvature. If dim p = 4, (N i , , i ) is a Einstein four dimensional homogeneous space and according to the main result in [6] , (N i , , i ) is isometric to S 4 (r), S 2 (r) × S 2 (r) or P 2 (C). But Proposition 4.4 shows that the supra-curvature of P 2 (C) doesn't vanishes and Proposition 4.2 shows that S n (r) has vanishing supra-curvature if and only if r = k 2 . This completes the proof.
Geometry of (E (r) (M, k), h) when M is locally symmetric
The following proposition is a key step in order to apply Theorems 3.2 and 3.3 to E(M, k). The following theorem is an immediate consequence of Theorem 3.2, Theorem 3.3 and Proposition 4.5.
